Let X be an algebraic surface (over C) embedded in the projective space P N (C) and S be its singularity set. If S is empty, then the harmonic spaces M l (X) = {smooth /-form a on X\da = da=0} (or, equivalently, its de Rham cohomology groups) have the pure Hodge structure;
in the case we are going to discuss in this paper, that is, in the case where S is not empty, such a change has a subtle problem ( § 3) and it seems to be one of the key points not to try to do so.) Also there exists the hard Lefschetz structure compatible with (1. Let us explain the above assertion more exactly. In the following S consists of isolated singular points and 3£=X-S is endowed with the incomplete
Kahler metric g induced from the Fubini-Study metric of P N (C). Let A*(?£)
and -cohomology groups, which are however just Theorem 1(2).
The author believes that the case i=2 omitted in Theorem 1(2) and in the above remark must hold.
Conjecture A. Theorem 1(2) and the hard Lefschetz decomposition of the L 2 -cohomology groups hold also in the case i=p+q=2.
Obviously this conjecture is equivalent to a part of it, i.e., M Moreover it suffices to prove a little bit stronger assertion; Ker ^= which is equivalent to Ker rf 2 =Ker rf^2. Thus Conjecture A can be deduced from the conjecture "d^i=d i for i=l 9 2" announced in [10] .
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§2. Preliminaries
Here we explain some notations and collect the (well-)known facts.
(a) Notations
The Kahler form co g is defined to be locally expressed by o> g =2~1^/ -1 2 y provided g= S 9j®9j-For (;?, #)-forms a= <^) 3 (y) for all jeF, then we use the expression /i</ 2 . Moreover we denote by f L~~f2 the situation that both f L <f 2 and f^>f 2 hold. These expressions are naturally generalized also to the relation between the differential forms.
The duality of the L 2 -cohomology H[ 2 }(^) and the intersection homology IHf(X) with the middle perversity in has been already verified in [7] (which has a certain gap) and [10] . That is, there exists the generalized de Rham isomorphism
Letting U be a neighborhood of S in X, there exists the following natural isomorphism: -cohomology Hfa. Note that the intrinsic operator d Cti on PF* is acting on the smooth f-forms which are identically zero near the singularity S (and may not be zero on dW).
Here the isomorphism jff^XFr*)^^^^*) is given by the results [10, Proposition 3.1 for f=l and Assertion C (2)]. Thus the so-called five lemma implies
Afa(%)e*Hi 2} (?£).
Hence, combined with (2.9), we get
(d) Complete KaMer manifolds.
Let our 3£=X-S be endowed with a complete Kahler metric h. Then, in a sense, 3£(h)=(3£, K) has the quite similar properties as the compact Kahler case, some of which we will enumerate here.
Lemma 2o2 Refer to [1] , [14] for further details of the properties of the complete Kahler case. As for (1), we can assert more strongly that 9 for ^edom d t fl dom £ z -_ 1? we can find a sequence ^6=^(3?) satisfying ]imi/rj=T/r 9 Hmd^j=d^r and Iim5^y=^ in the L 2 -sense. This is a quite nice property. As for 3£(g), though it has the property (1) provided / =1=1, 2, we do not know if there exists such a good sequence (i.e., a sequence which converges with respect to the operator norm (2) Ker ^, (l , 2) = Ker ^' )(2>1) = Ker ^> 3 = Ker d 3 Proof. Due to the duality, we have only to prove (1). And, because of (2.6) for i=Q and Lemma 2.1(1) for f=0, it suffices to prove the first two equalities at (1) In order to do so near S 9 we will make a very good resolution W N /W Q ) around the point. Then, for any point x^n~\p) 9 there exists a local coordinate neighborhood (17, (u 9 v)) around x and a permutation cr such that the n can be expressed on £7 as follows;
where / y (z) = S ^y»^8 n with e M > 1, gj(0 9 0)4=0 and moreover <^< -< Such a very good resolution can be made by first making a resolution and then performing blowing-ups as many times as we need ( [7, III] , [9, §2] , [10, §2] ). In the following, through the map n 9 we identify
On the neighborhood (17, (u 9 v)) around the point x&.n~\p) 9 we set IP -1.1. r,-i,i. ( Next, let us investigate the relationship between the square-integrabilities on 3C(g)=(3£, g) and 3E(ds*)=(3e, ds 2 ). We set, on U-n-\p\
Then the volume elements with respect to g and ds 2 can be written quasiisometrically as follows: on U-7t~\p),
Moreover let us denote the pointwise norms of a form a (with respect to the above metrics) by \a\ g and \a\ 3 : see (2.4). Then we have Lemma 4.3. On U-n~\p) 9 (1) dV g <dV s , In this section, we will prove Theorem 1 for / < 1 and then discuss a little bit the so-called (L 2 -, usual, logarithmic) irregularities. Since the case i=Q is trivial (see §3), we will treat the case i=l in the following. 
The remained equality M\i^X(g)}=Mli^(^(g)) is implied by Lemma 2.1(2).
Q.E.D. 
Since HDR(X) has the pure Hodge structure, we can prove Theorem 1 for /=!.
Proof of Theorem 1 for f=L First there exist the natural isomorphisms M l w(3£(g))^ M^(3£(g))^Hl 2) (3C(g))
because of Lemma 2.1 (2) 
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Here the isomorphisms TI, ft, 7 and the equality r p , q have been already given. Then, since the map C M is injective, the map c is also injective. Moreover the lower part of the diagram implies the surjectivity of c. Thus the map t is isomorphic and hence the maps t M , a are also isomorphic. Q.E.D. where ^(log n~\S)) is the sheaf of germs of logarithmic 1-forms (possibly) with logarithmic poles along x~\S). That is, q(X) is equal to the logarithmic irregularity q(3£)=dim c H\X, £^(log n~\S))). Thus we got
The equality q(X)=q(3£) is well-known in itself: note that (4.1) is the point modification at S. Here we emphasize that thus it can be also verified only by using the L 2 -cohomology theory.
§6. Proof of Theorem 1 for i>3
Since the case i=4 is trivial (see §3), we will treat the case i=3 in the following.
Letting the complex star operator * g operate on the decomposition of Theorem 1(1) for i=l, we get Theorem 1 (1) 9 which means that the map ri, 2 is surjective. §7, Proofs of Theorem 1 for i=2 and Theorem 2
Because of the duality of Ji$)(3E(g)) with respect to the complex star operator * g and of the facts *,1 = -I%l),
certainly Theorem 2(a) holds. Moreover (5) and (c) of Theorem 2 for z'4=2 are just Theorem 1 for /=t=2. Hence we have only to prove Theorems 1 3 2 for i=2. In the following we will prove them. Since
we have rfo,=^=0, i.e., ^^^^(^(g)). Moreover ^( 4 2) (^(g)) («C7) is generated by co g /\o) g . Therefore we have the decomposition
where Ker L g is the kernel of the map -FoRMS 1019
2) (3?(g)) .
Now, in order to finish the proofs of Theorems 1, 2, it suffices to prove the following.
Proposition 7.1.
Hence it suffices to show that <p =fp e Ker L g can be decomposed accordingly to the right hand side of (7.5 
